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The Laplacian spread of a graph is deﬁned to be the difference be-
tween the largest eigenvalue and the second-smallest eigenvalue
of the Laplacian matrix of the graph. Bao et al. [Y.H. Bao, Y.Y. Tan,
Y.Z. Fan, The Laplacian spread of unicyclic graphs, Appl. Math. Lett.
22 (2009) 1011–1015.] characterize the unique unicyclic graphwith
maximum Laplacian spread among all connected unicyclic graphs
of ﬁxed order. In this paper, we characterize the unique quasi-tree
graphwithmaximumLaplacian spread among all quasi-tree graphs
in the set Q(n, d) with 1 d n−4
2
.
© 2011 Published by Elsevier Inc.
1. Introduction
Let G be a simple graph of order n with vertex set V = V(G) = {v1, v2, · · · , vn} and edge set
E = E(G). The adjacency matrix of the graph G is deﬁned to be a matrix A = A(G) = [aij] of order n,
where aij = 1 if vi is adjacent to vj , and aij = 0otherwise. SinceA is symmetric and real, the eigenvalues
ofA canbearrangedas:λn(G) λn−1(G) · · · λ1(G). The spreadof thegraphG is deﬁnedasϕA(G) =
λ1(G) − λn(G). Generally, for ann × nmatrixM, the spread, S(M), ofM is deﬁned as thediameter of its
spectrum, i.e., S(M):= maxi,j |λi − λj|, where themaximum is taken over all pairs of eigenvalues ofM.
Recently, the spread of a graph has received much more attention. Gregory et al. [9] present some
lower and upper bounds for the spread of a graph. They show that the path is the unique graph with

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minimal spread among all connected graphs of ﬁxed order. However the graph(s)withmaximal spread
is (are) still unknown, and some conjectures are presented in their paper. Li et al. [13] determine the
unique graphwithmaximal spread among all unicyclic graphswith given order not less than 18,which
is obtained from a star by adding one edge between two pendent vertices. Fan et al. [6] discuss the
similar problem of unicyclic graphs with given order and girth.
Here we consider another version of spread of a graph, which is deﬁned as follows. Let D(G) =
diag{d(v1), d(v2), . . . , d(vn)} be the diagonal matrix of vertex degrees. The Laplacian matrix of G is
L = L(G) = D(G) − A(G). Clearly, L(G) is a real symmetric matrix. Form this fact and Gersˇgorin’s
Theorem, it follows that its eigenvalues are nonnegative real numbers. The eigenvalues of L(G) can
be arranged as : 0 = μn(G)μn−1(G) · · ·μ1(G), whereμn(G) = 0 as each row sum of L is zero.
The Laplacian spread of the graph G is deﬁned to be
LS(G) = μ1(G) − μn−1(G).
Note that in the deﬁnition we consider the deference between the largest eigenvalue and the
second-smallest eigenvalue, as the smallest eigenvalue always equals zero.
Recently, the Laplacian spread of a graph has also receivedmuch attention. In a recent work [7], the
authorshave shownthat, amongall treesofﬁxedorder, the star is theunique treewithmaximumLapla-
cian spread and the path is the unique tree withminimum Laplacian spread. Bao et al. [2] characterize
the unique unicyclic graph with maximum Laplacian spread among all connected unicyclic graphs
of ﬁxed order. In [8], Fan et al. show that among all bicyclic graphs of ﬁxed order there are only two
bicyclic graphs with maximum Laplacian spread. In [3], Chen andWang determine that there are only
ﬁve types of tricyclic graphs withmaximum Laplacian spread among all tricyclic graphs of ﬁxed order.
A connected graph G is called a quasi-tree graph if there exists u0 ∈ V(G) such that G − u0 is a
tree. Let Q(n, d) = {G : G is a quasi-tree graph of order n with G − u0 being a tree and dG(u0) = d}.
Then d 1. In this paper,we characterize the unique quasi-tree graphwithmaximumLaplacian spread
among all quasi-tree graphs in the set Q(n, d) with 1 d n−4
2
.
2. Quasi-tree graphs with maximal Laplacian spread
Let G be a graph and let v be a vertex of G. Denote by N(v) the neighborhood of the vertex v in
the graph G, and by (G) the maximum degree of all vertices of a graph G. We ﬁrst introduce some
preliminary results.
Lemma 2.1 ([1]). Let G be a connected graph of order n 2. Then μ1(G) n, with equality if and only if
the complement graph of G is disconnected.
Lemma 2.2 ([4]). Let G be a connected graph with vertex set {v1, v2, . . . , vn}(n 2). Then
μ1(G)max{d(vi) + d(vj) − |N(vi) ∩ N(vj)| : vivj ∈ E(G)}.
Lemma 2.3 ([14]). Let G be a connected graph with vertex set {v1, v2, · · · , vn}(n 2). Then
μ1(G)max{d(vi) + m(vi) : vi ∈ V(G)},
where m(vi) =
∑
vjvi∈E(G) d(vj)
d(vi)
, the average of the degrees of the vertices adjacent to vi.
Lemma 2.4 ([10]). Let G be a connected graph of order n 2. Then μ1(G)(G) + 1, with equality if
and only if (G) = n − 1.
Lemma 2.5 ([12]). Let G be a connected graph of order n and with a cutpoint v. Then μn−1(G) 1, with
equality if and only if v is adjacent to every other vertex of G.
We introduce three quasi-tree graphs of order n in Fig. 2.1: the graphs G1(r, s; d1, d2; n) with r + s+ 3 = nandd(u0) = d,whered1 + d2 + 1 = d;G2(r, s; d1, d2; n)with r + s + 3 = nandd(u0) = d,
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Fig. 2.1. Three quasi-tree graphs inthe set Q(n, d) of order n.
where d1 + d2 + 2 = d; G3(r; d1, d2, d3; n) with r + 2d3 + 2 = n and d(u0) = d, where d1 + d2 +
d3 + 1 = d.
We now narrow down the possibility of the quasi-tree graphs with maximal Laplacian spread.
Lemma 2.6. Let G be the graph with maximal Laplacian spread among all quasi-tree graphs in the set
Q(n, d) of order n 6 and 1 d n−4
2
. Then G is among the graphs G1(n − 4, 1; d − 1, 0; n),
G1(n − 4, 1; d − 2, 1; n), G1(n − 3, 0; d − 1, 0; n), G1(0, n − 3; 0, d − 1; n), G2(n − 4, 1; d − 2, 0; n)
and G2(n − 4, 1; d − 3, 1; n).
Proof. Let vivj be an edge of G. Then
d(vi) + d(vj) − |N(vi) ∩ N(vj)| = |N(vi) ∪ N(vj)| n,
with equality if and only ifG is one of graphs in Fig. 2.1 for some r or s. Therefore, ifG is not a graph in Fig.
2.1, then by Lemma 2.2, μ1(G) n − 1 and hence LS(G) = μ1(G) − μn−1(G) < n − 1 as μn−1 > 0.
In addition,
Φ(G1(n − 3, 0; d − 1, 0; n)) = λ(λ − 1)n−d−1(λ − 2)d−2(λ − n)(λ − d − 1).
Then LS(G1(n − 3, 0; d − 1, 0; n)) = n − 1. So G must be one graph in Fig. 2.1.
Assume that n 6 and 1 d n−4
2
in the following discussion. For the graph G1(r, s; d1, d2; n) of
Fig. 2.1, by Lemma 2.3,
μ1(G1(r, s; d1, d2; n))max
{
r + 2 + n + d + d1 − 2
r + 2 , s + 1 +
n + d2 − 1
s + 1 , d +
2d + r
d
}
.
If 0 r  n − 5, then r + 2 + n+d+d1−2
r+2 max
{
2 + n+d+d1−2
2
, n − 3 + n+d+d1−2
n−3
}
 n − 1. If 1 s
 n − 4, then s + 1 + n+d2−1
s+1 max
{
2 + n+d2−1
2
, n − 3 + n+d2−1
n−3
}
 n − 1. If 2 d n−4
2
, d + 2d+r
d
max
{
2 + 2d+r
2
, n−4
2
+ 2d+rn−4
2
}
 n − 1.Hence, forn 6, 0 r  n − 5,1 s n − 4and2 d n−4
2
,
μ1(G1(r, s; d1, d2; n)) n − 1 and hence LS(G1(r, s; d1, d2; n)) < n − 1. If d = 1, then the graph
G1(r, s; d1, d2; n) is a tree, by the result of [7] we have LS(G1(r, s; d1, d2; n)) < n − 1.
For the graph G2(r, s; d1, d2; n) of Fig. 2.1, obviously, 2 d n−42 . By Lemma 2.3,
μ1(G2(r, s; d1, d2; n)) max
{
r + 2 + n + d + d1 − 1
r + 2 ,
s + 2 + n + d + d2 − 1
s + 2 , d +
2d + r + s
d
}
.
If 0 r  n − 5, then r + 2 + n+d+d1−1
r+2 max
{
2 + n+d+d1−1
2
, n − 3 + n+d+d1−1
n−3
}
 n − 1. If 0 s
n − 5, then s + 2 + n+d+d2−1
s+2 max
{
2 + n+d+d2−1
2
, n − 3 + n+d+d2−1
n−3
}
 n − 1.Since2 d n−4
2
,
we have d + 2d+r+s
d
max
{
2 + 2d+r+s
2
, n−4
2
+ 2d+r+sx−4
2
}
 n − 1. Hence, for n 6, 0 r  n − 5 and
0 s n − 5,μ1(G2(r, s; d1, d2; n)) n − 1 and hence LS(G2(r, s; d1, d2; n)) < n − 1.
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For the graph G3(r; d1, d2, d3; n) of Fig. 2.1, by Lemma 2.3,
μ1(G3(r; d1, d2, d3; n))max
{
r + d3 + 1 + n + 2d − d3 − 3
r + d3 + 1 , d +
n + 2d + d2 − d3 − 3
d
}
.
If 1 r + d3  n − 4, then r + d3 + 1 + n+2d−d3−3r+d3+1 max
{
2 + n+2d−d3−3
2
, n − 3 + n+2d−d3−3
n−3
}

n − 1. If 2 d n−4
2
, then d + n+2d+d2−d3−3
d
max
{
2 + n+2d+d2−d3−3
2
, n−4
2
+ n+2d+d2−d3−3x−4
2
}
 n − 1. Hence, for n 6, 1 r + d3  n − 4 and 2 d n−42 ,μ1(G3(r; d1, d2, d3; n)) n − 1 and
hence LS(G3(r; d1, d2, d3; n)) < n − 1. If d = 1, then the graph G3(r; d1, d2, d3; n) is a tree, by the
result of [7] we have LS(G3(r; d1, d2, d3; n)) < n − 1.
By the above discussion, if G is a graph with maximal Laplacian spread among all quasi-tree
graphs in the set Q(n, d) of order n 6 and 1 d n−4
2
, then G is among the graphs G1(n − 4, 1;
d − 1, 0; n), G1(n − 4, 1; d − 2, 1; n), G1(n − 3, 0; d − 1, 0; n), G1(0, n − 3; 0, d − 1; n), G2(n − 4, 1;
d − 2, 0; n) and G2(n − 4, 1; d − 3, 1; n). The result follows.
For convenience, We simply write μ1(G),μn−1(G) as μ1,μn−1 respectively. 
Lemma 2.7. For positive integers n 6 and 2 d n−4
2
,
LS(G1(n − 4, 1; d − 1, 0; n)) < n − 1.
Proof. The characteristic polynomial of L(G1(n − 4, 1; d − 1, 0; n)) is
Φ(G1(n − 4, 1; d − 1, 0; n)) = λ(λ − 1)n−d−3(λ − 2)d−2[λ − (d + 1)][λ3 − (n + 2)λ2
+ (3n − 2)λ − n].
By Lemmas 2.1 and 2.4, n > μ1 > n − 1, and by Lemma 2.5,μn−1 < 1. Soμ1,μn−1 are both roots of
the polynomial f1(λ) := λ3 − (n + 2)λ2 + (3n − 2)λ − n.
Observe that
n − 1 − LS(G1(n − 4, 1; d − 1, 0; n)) = (n − μ1) − (1 − μn−1).
If we show n − μ1 > 1 − μn−1, the result will follow. By the Lagrange Mean Value Theorem,
n − μ1 = f1(n) − f1(μ1)
f ′1(ξ1)
>
n2 − 3n
f ′1(n)
= 1 − 2n − 2
n2 − n − 2 ,
for some ξ1 ∈ (μ1, n),where the inequalityholds asμ1 < n and f ′1(λ) is positive and strictly increasing
on (μ1,+∞). Note that the function g(x) =: 2x−2x2−x−2 is strictly decreasing on [6,+∞). Hence
(n − μ1) − (1 − μn−1) > μn−1 − g(n)μn−1 − g(6) = μn−1 − 0.357.
Observe that a star of order n has eigenvalues: 0, n, 1 of multiplicity n − 2, and hence has n − 1
eigenvalues not less than 1. As G1(n − 4, 1; d − 1, 0; n) contains a star of order n − 1, by eigenval-
ues interlacing theorem (that is, μi(G)μi(G − e) for i = 1, 2, . . . , n if we delete an edge e from a
graph G of order n; or see [16]), G1(n − 4, 1; d − 1, 0; n) has (n − 2) eigenvalues not less than 1. Now
f1(0.357) = 0.056n − 0.924 < 0 and f1(1) = n − 3 > 0 when n 6. So 1 > μn−1 > 0.357, and the
result follows. 
Lemma 2.8. For positive integers n 6 and 2 d n−4
2
,
LS(G1(n − 4, 1; d − 2, 1; n)) < n − 1.
Proof. If 3 d n−4
2
, the characteristic polynomial of L(G1(n − 4, 1; d − 2, 1; n)) is
(G1(n − 4, 1; d − 2, 1; n)) = λ(λ − 1)n−d−3(λ − 2)d−3[λ5 − (n + d + 5)λ4
+ (6n + dn + 4d + 6)λ3 − (12n + 5dn + 2d)λ2
+ (10n + 7dn − 2d − 4)λ − 2n − 3dn].
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By Lemmas 2.1 and 2.4, n > μ1 > n − 1, and by Lemma 2.5, μn−1 < 1. So μ1,μn−1 are both roots
of the polynomial f2(λ) := λ5 − (n + d + 5)λ4 + (6n + dn + 4d + 6)λ3 − (12n + 5dn + 2d)λ2 +
(10n + 7dn − 2d − 4)λ − 2n − 3dn.
Below, we will show that n − μ1 > 1 − μn−1. By the Lagrange Mean Value Theorem,
n − μ1 = f2(n) − f2(μ1)
f ′2(ξ1)
>
n4 − (6 + d)n3 + (5d + 10)n2 − (5d + 6)n
f ′2(n)
= 1 − 4n
3 − (3d + 16)n2 + (8d + 16)n − 2d − 4
n4 − (d + 2)n3 + (2d − 6)n2 + (3d + 10)n − 2d − 4 ,
for some ξ1 ∈ (μ1, n),where the inequalityholds asμ1 < n and f ′1(λ) is positive and strictly increasing
on (μ1,+∞). Note that the function g(x) =: 4x3−(3d+16)x2+(8d+16)x−2d−4x4−(d+2)x3+(2d−6)x2+(3d+10)x−2d−4 is strictly decreasing
on [2d + 4,+∞). Hence
(n − μ1) − (1 − μn−1) > μn−1 − g(n)μn−1 − g(2d + 4)
= μn−1 − 20d
3 + 96d2 + 142d + 60
8d4 + 72d3 + 206d2 + 222d + 68 .
It is easy to see that the function h(d) = 20d3+96d2+142d+60
8d4+72d3+206d2+222d+68 is strictly decreasing on [3,+∞).
Thus,
μn−1 − h(d)μn−1 − h(3) = μn−1 − 0.36.
In addition, f2(0.36) = 0.31n − 1.08dn − 0.81d − 1.24 < 0 and f2(1) = n − d − 2 > 0 when
3 d n−4
2
. So μn−1 > 0.44, and the result follows.
If d = 2, the graph G1(n − 4, 1; d − 2, 1; n) is a unicyclic graph, by the result of [2] we have
LS(G1(n − 4, 1; d − 2, 1; n)) < n − 1. 
Lemma 2.9. For positive integers n 6 and 2 d n−4
2
,
LS(G1(0, n − 3; 0, d − 1; n)) < n − 1.
Proof. The characteristic polynomial of L(G1(0, n − 3; 0, d − 1; n)) is
Φ(G1(0, n − 3; 0, d − 1; n)) = λ(λ − 1)n−d−3(λ − 2)d−1[λ3 − (n + d + 1)λ2
+ (2n + dn − 2)λ − dn].
By Lemmas 2.1 and 2.4, n > μ1 > n − 1, and by Lemma 2.5,μn−1 < 1. Soμ1,μn−1 are both roots of
the polynomial f3(λ) := λ3 − (n + d + 1)λ2 + (2n + dn − 2)λ − dn.
Below, we will show that n − μ1 > 1 − μn−1. By the Lagrange Mean Value Theorem,
n − μ1 = f3(n) − f3(μ1)
f ′3(ξ1)
>
n2 − 2n − dn
f ′3(n)
= 1 − 2n − 1
n2 − dn − 2 ,
for some ξ1 ∈ (μ1, n),where the inequalityholds asμ1 < n and f ′1(λ) is positive and strictly increasing
on (μ1,+∞). Note that the function g(x) =: 2x−1x2−dx−2 is strictly decreasing on [2d + 4,+∞). Hence
(n − μ1) − (1 − μn−1) > μn−1 − g(n)μn−1 − g(2d + 4) = μn−1 − 4d + 7
2d2 + 12d + 14 .
It is easy to see that the function h(d) = 4d+7
2d2+12d+14 is strictly decreasing on [2,+∞). Thus,
μn−1 − h(d) > μn−1 − h(2) = μn−1 − 0.33.
In addition, f3(0.33) = 0.55n − 0.67dn − 0.106d − 0.72 < 0 and f3(1) = n − d − 2 > 0 when
2 d n−4
2
. So μn−1 > 0.33, and the result follows. 
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Lemma 2.10. For positive integers n 6 and 2 d n−4
2
,
LS(G2(n − 4, 1; d − 2, 0; n)) < n − 1.
Proof. If 3 d n−4
2
, the characteristic polynomial of L(G2(n − 4, 1; d − 2, 0; n)) is
Φ(G2(n − 4, 1; d − 2, 0; n)) = λ(λ − 1)n−d−3(λ − 2)d−3[λ5 − (n + d + 5)λ4
+ (6n + dn + 4d + 5)λ3 − (11n + 5dn + d − 1)λ2
+ (9n + 6dn − 3d − 4)λ − 2n − 2dn].
By Lemmas 2.1 and 2.4, n > μ1 > n − 1, and by Lemma 2.5,μn−1 < 1. Soμ1,μn−1 are both roots of
thepolynomial f4(λ) := λ5 − (n + d + 5)λ4 + (6n + dn + 4d + 5)λ3 − (11n + 5dn + d − 1)λ2 +
(9n + 6dn − 3d − 4)λ − 2n − 2dn.
Below, we will show that n − μ1 > 1 − μn−1. By the Lagrange Mean Value Theorem,
n − μ1 = f4(n) − f4(μ1)
f ′4(ξ1)
>
n4 − (d + 6)n3 + (5d + 10)n2 − (5d + 6)n
f ′4(n)
= 1 − 4n
3 − (3d + 17)n2 + (9d + 17)n − 3d − 4
n4 − (d + 2)n3 + (2d − 7)n2 + (4d + 11)n − 3d − 4 ,
for some ξ1 ∈ (μ1, n),where the inequalityholds asμ1 < n and f ′4(λ) is positive and strictly increasing
on (μ1,+∞). Note that the function g(x) =: 4x3−(3d+17)x2+(9d+17)x−3d−4x4−(d+2)x3+(2d−7)x2+(4d+11)x−3d−4 is strictly decreasing
on [2d + 4,+∞). Hence
(n − μ1) − (1 − μn−1) > μn−1 − g(n)μn−1 − g(2d + 4)
= μn−1 − 20d
3 + 94d2 + 131d + 48
8d4 + 72d3 + 204d2 + 211d + 56 .
It is easy to see that the function h(d) = 20d3+94d2+131d+48
8d4+72d3+204d2+211d+56 is strictly decreasing on [3,+∞).
Thus,
μn−1 − h(d) > μn−1 − h(3) = μn−1 − 0.36.
In addition, f4(0.36) = 0.08n − 0.44dn − 1.04d − 1.15 < 0 and f4(1) = n − d − 2 > 0 when
3 d n−4
2
. So μn−1 > 0.36, and the result follows.
If d = 2, the graph G2(n − 4, 1; d − 2, 0; n) is a unicyclic graph, by the result of [2] we have
LS(G2(n − 4, 1; d − 2, 0; n)) < n − 1. 
Lemma 2.11. For positive integers n 6 and 2 d n−4
2
,
LS(G2(n − 4, 1; d − 3, 1; n)) < n − 1.
Proof. If 4 d n−4
2
, the characteristic polynomial of L(G2(n − 4, 1; d − 3, 1; n)) is
Φ(G2(n − 4, 1; d − 3, 1; n)) = λ(λ − 1)n−d−2(λ − 2)d−4[λ5 − (n + d + 6)λ4
+ (7n + dn + 5d + 9)λ3 − (16n + 6dn + 4d)λ2
+ (14n + 10dn − 3d − 7)λ − n − 5dn].
By Lemmas 2.1 and 2.4, n > μ1 > n − 1, and by Lemma 2.5, μn−1 < 1. So μ1,μn−1 are both roots
of the polynomial f5(λ) := λ5 − (n + d + 6)λ4 + (7n + dn + 5d + 9)λ3 − (16n + 6dn + 4d)λ2 +
(14n + 10dn − 3d − 7)λ − n − 5dn.
Below, we will show that n − μ1 > 1 − μn−1. By the Lagrange Mean Value Theorem,
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n − μ1 = f5(n) − f5(μ1)
f ′5(ξ1)
> 1 − 4n
3 − (3d + 19)n2 + (10d + 22)n − 3d − 7
n4 − (d + 3)n3 + (3d − 5)n2 + (2d + 14)n − 3d − 7 ,
for some ξ1 ∈ (μ1, n),where the inequalityholds asμ1 < n and f ′5(λ) is positive and strictly increasing
on (μ1,+∞). Note that the function g(x) =: 4x3−(3d+19)x2+(10d+22)x−3d−7x4−(d+3)x3+(3d−5)x2+(2d+14)x−3d−7 is strictly decreasing
on [2d + 4,+∞). Hence
(n − μ1) − (1 − μn−1) > μn−1 − g(n)μn−1 − g(2d + 4)
= μn−1 − 20d
3 + 88d2 + 113d + 33
8d4 + 68d3 + 176d2 + 161d + 33 .
It is easy to see that the function h(d) = 20d3+88d2+113d+33
8d4+68d3+176d2+161d+33 is strictly decreasing on [4,+∞).
Thus,
μn−1 − h(d) > μn−1 − h(4) = μn−1 − 0.32.
In addition, f5(0.32) = 2.07n − 2.38dn − 1.21d − 2 < 0 and f5(1) = 3n − 3d − 3 > 0 when
4 d n−4
2
. So μn−1 > 0.32, and the result follows.
Ifd = 3, thegraphG2(n − 4, 1; d − 3, 1; n) is abicyclic graph, by the result of [8]wehave LS(G2(n −
4, 1; d − 3, 1; n)) < n − 1.
If d = 2, the graph G2(n − 4, 1; d − 3, 1; n) is a unicyclic graph, by the result of [2] we have
LS(G2(n − 4, 1; d − 3, 1; n)) < n − 1. 
Let G be the graph with maximal Laplacian spread among all quasi-tree graphs in the set of Q(n, d)
of ordern 6 and1 d n−4
2
. From theparagraph of the proof of Lemma2.6, the graphG is necessarily
among the graphs in Fig. 2.1. By Lemmas 2.6–2.11, we get the main result.
Theorem 2.12. For n 6, the graph G1(n − 3, 0; d − 1, 0; n) of Fig. 2.1 is the unique graph with maximal
Laplacian spread among all quasi-tree graphs in the set Q(n, d) of order n and 1 d n−4
2
.
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